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One obtains optimal (2, 1) convolutional codes over GF(4) with memory 
span 3 and 5. Optimal binary (6, 2) codes are then obtained by concatenation. 
I .  INTRODUCTION 
Let F be the finite field with q elements: F = GF(q), and let F(D) be the set 
of Laurent series over F:  
F(D) = a(D) = aid i r E ~_, a i EF , 
i=r 
where 7/denotes the set of integers. Obviously F(D) has the structure of a field. 
An (n, h) convolutional code C of memory span m over F, is the F(D) row space 
m 
of a k × n polynomial matrix G(D) = ~i=0 Gi Di, where each G i (0 ~ i ~ m) 
is a k × n matrix overF. The rank of G(D) overF(D) must be k. 
Recently (Piret, 1978) binary (6, 2) codes were obtained as an application of 
convolutional operators that preserve automorphisms. For m ~ {1, 2, 4}, codes 
were constructed that have the largest possible free distance dy (Piret, 1978; 
see Table 4). However for m = 3, the best upper bound on d s is 16, while no 
code was obtained with d s > 14. The present note was motivated by this flaw. 
The idea is to obtain binary (6, 2) codes by the concatenation of (2, 1) codes 
over GF(4). We refer to (Piret, 1978) for the details of our arguments. 
II. CODES OVER GF(4) WITH (n, k)  = (2, 1) 
Consider a (2, l) convolutional code C over F and suppose it is generated 
by the (2, 1) matrix g(D) = [gl(D), g2(D)]. The gi(D) are polynomials: 
gi(D) = ~ fi"(iS)D~; i ---- 1,2, (1) 
j=0 
where/3 is primitive in F, r(i, j) takes its values in {~,  0, 1 ..... q --  2} and fl~ 
is zero. 
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Let us now quote the following properties (see Piret 1978, Section 9): 
(a) Fromg(D),  (1), let us defineff(D) = [~I(D),F,2(D)] by: 
~,i(D) = ~ fis'+J+"(i'~)DJ; s~ ~ 77, i ----- 1, 2. 
j=0 
The code generated by ~(D) has the same d, as the code generated by g(D). 
(b) Given an integer s relatively prime with (q -  1), let us replace fi 
by fi* in (1). This does not modify d~. 
(c) Let g*(D) = D~ng(D -1) be the reciprocal of g(D) and let C* be the 
F(D) row space ofg*(D). Both C and C* have the same d s . 
These equivalences were applied to the set of (2, 1) codes over GF(4), with 
m = 3. The upper bound on d I is df ~< 8 (Layland and McEliece, 1970) and 
we divided these codes into classes on the basis of the three above equivalences. 
Applying the stack algorithm (Forney, 1970) to a member of each class, we saw 
that only one class satisfied  s = 8. We specify this class by giving the generator 
g(D) = [gl(D), g2(D)] of one of its members: 
lg~(D) = 1 4- D 4- D 2 4- ,SD a 
&(D) = 1 + flD 4- D 2 4- fl~D a (2) 
Here fi = fi4 is primitive in GF(4). A similar approach was used for m = 5, 
although we did not investigate all nonequivalent classes. Three classes were 
shown to satisfy dy = 11 which is the known upper bound for this case. We 
now specify a member of each of these classes: 
&.(D) = 
g2(D) 
Igl(D) = 
tg2(D) = 
t gl(D) = g~(D) = 
1 + D + D 8 + 3~D 4 4- 3"D ~ 
1 + riD + 3D 2 + D a + riD 4 4- D 5 
1 4 -D4-D a4-fi2D 44-D 5 
1 47 flD 4- riD s 4- flD 3 4- D 4 4- fl2D~ 
1 4 -D4-D a4-D 44-f12D ~ 
1 4- riD 4- D ~ 4- fi2Da 4- fi~D 4 4- D 5 
(3a) 
(3b) 
(3c) 
I I I .  OPTIMAL BINARY (6, 2) CODES 
We now concatenate the codes (2) and (3) by means of a simple binary block 
code: 
0 : 0 0 0  
1 : 0 1 1  
f i :  1 0 1 
fie: 1 1 0 
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The resulting linear binary codes have length 6 and dimension 2, and their 
free distance is twice the free distance of the corresponding code over GF(4). 
A (6, 2) encoder G(D) for the binary code deduced from (2) is given by 
(3) (0, l, 2) (0, 1, 2, 3) (a, 3) (0, 2, 3) (0, 1, 2) 
(0, 1, 2, 3) (3) (0, 1, 2) (0, ~, 2) (1, 3) (0, 2, 3) 
where for example (r, s, t) stands for Dr+ D 's+ D *. This binary code has 
dl = 16 and it is thus optimal. Similar encoders are obtained from (3) and 
generate optimal (d I = 22) binary (6, 2) codes with m = 5. 
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